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RESUMO

A otimizagdo de processos tecnolégicos em metalurgia relacionada a transferéncia e uso de energia
térmica cria exigéncias mais complicadas para o calculo da troca de calor. Portanto, o trabalho, o método
analitico aproximado para resolver os problemas conjugados da camada limite dindmica gasosa viscosa e da
condutividade térmica na faixa anisotrépica, foi desenvolvido. O artigo usou métodos numéricos modernos para
resolver equacdes diferenciais em métodos analiticos e derivativos parciais com base em uma transformacéao
integral de Fourier e Laplace. Equagbes de limite foram resolvidas analiticamente com certas simplificagoes, e
o0 problema da conducido de calor anisotrépico foi resolvido analiticamente. Os fluxos de calor foram
determinados analiticamente pela variavel longitudinal no limite da interface. Foi estabelecido que o aumento
da temperatura da superficie externa contribui para que todos os fatores que impactam diretamente na
magnitude dos fluxos de calor atuem em dire¢do a sua redugdo. A solugédo analitica para o problema da
condutividade térmica na faixa anisotropica com um tipo geral de anisotropia quando o calor flui da camada
limite é determinada nos limites é obtida. A pesquisa conduzida para a temperatura do limite externo e fluxo de
calor do gas para ele demonstra que com o aumento do grau de anisotropia longitudinal a temperatura
superficial da tira a jusante aumenta a partir do aumento da conducao longitudinal de calor Um método de
conjugacao original usando os fluxos continuos de calor e temperaturas no limite da interface foi encontrado.
Os resultados numéricos para os fluxos de calor e temperaturas no limite da interface foram obtidos e
analisados.

Palavras-chave: tensor de condutividade térmica, transferéncia de calor acoplada, distribuicdo de temperatura,
distribuicdo de fluxos de calor, principais componentes do tensor de condutividade térmica.

ABSTRACT

Optimization of technological processes in metallurgy related to transfer and use of heat energy makes
more complicated demands for calculation of heat exchange. Therefore, the work, the approximate analytical
method for solving the conjugate problems of viscous gas-dynamic boundary layer and thermal conductivity in
the anisotropic strip, has been developed. The paper uses modern numerical methods for solving differential
equations in partial derivative and analytic methods on the basis of an integral transform of Fourier and Laplace.
Boundary equations have been solved analytically with certain simplifications, and the problem of anisotropic
heat conduction has been solved analytically. The heat flows are determined analytically by the longitudinal
variable at the interface boundary. It has been established that temperature increase of the external surface
contributes to that all factors directly impacting on the magnitude of heat flows act towards their reduction. The
analytical solution for the problem of thermal conductivity in the anisotropic strip with a general type of
anisotropy when the heat flows from the boundary layer are determined at the boundaries is obtained. The
conducted research for the temperature of external boundary and heat flow from gas to it demonstrates that with
increasing the degree of longitudinal anisotropy the surface temperature of the strip downstream increases from
increasing longitudinal heat conduction An original conjugation method using the continuous heat flows, and
temperatures at the interface boundary is found. The numerical results for the heat flows and temperatures at
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the interface boundary have been obtained and analyzed.

Keywords: thermal conductivity tensor, coupled heat transfer, temperature distribution, distribution of heat
flows, main components of thermal conductivity tensor.

AHHOTALUA

OnTMMM3aumMs  TEeXHOSOMMYECKNX MNPOLIECCOB B MeTanfypruv, CBSI3aHHbIX C  MEepeHOCoM U
uCnomnb30BaHWEM TEMMOBOW 3Hepruu, npeacTaBnseT Bce Gonee crnoxHole TpeboBaHWA K  pacyeTy
Tennoo6meHa. MoaTomy B paboTe paspaboTaH NpUGNMKEHHO-aHaNMMTUYECKUIA MeToq PeLLEHUs] COMPSPKEHHbIX
3afay BSI3KOTO rasoAvHaMMUYEcKOro MOrpaHUYHOro Crosi M TennonpoOBOAHOCTM B aHM3OTPOMNHOM noroce. B
paboTe WCMOMb3YTCA COBPEMEHHbIe YUCIEHHble MeToAbl pelleHus AudpdepeHumanbHbIX YpaBHEHW B
YacCTHbIX MPOM3BOAHLIX, @ Takke aHanMTU4YeckMe MeTodbl Ha OCHOBE MHTerpanbHbiX NpeobpasoBaHuii Pypbe u
Jlannaca. YpaBHeHWs MOrpaHNYHOrO Criosi peLUeHbl aHanmUTUYECKU C HEeKOTOPbIMM YMpPOLLEeHMsIMU, a 3adada
aHM30TPOMHOM  TEMSIONPOBOAHOCTM peLUeHa aHanuTu4Yeckn. Ha rpaHuue COMpsKeHUs  aHanUTUYecKu
onpedensoTcs pacnpedenieHnss Mo NpPoAOSibHOW MNEPEMEHHOW TennoBble MOTOKU. YCTAHOBMEHO, YTO
yBenMyeHne TemnepaTtypbl HapyXHOW MOBEPXHOCTU CrnocobCTByeT TOMy, YTO BCe (DaKTopbl, KOTOpPbIE UMEIT
HernocpeacTBEHHOE BMNUAHME HA BEMUYMHY TEnmnoBbIX MOTOKOB, OEMCTBYIOT B CTOPOHY WX YMEHbLUEHMS.
MonyyeHo aHanWTUYeckoe pelleHuWe 3aJayu TenronpoBOAHOCTU B aHM3OTPOMHOM MONIoce C aHWM30Tponuer
obulero Buga, Korga Ha rpaHuuax onpefensioTcs TemnsoBble MOTOKM OT MnorpaHuyHoro crosi. MposefeHHoe
vccrnenoBaHue Ans TemnepaTypbl HapyKHOW rpaHuLbl U TENMOBbLIX MOTOKOB K Hell OT ra3a NokasbIBaloT, YTo Npu
YBENMYEHUM CTENeHW MNPOAOSbHOW aHU30TOPONMU TemriepaTypa MOBEPXHOCTU MONoCbl BHW3 MO MOTOKY
YBENUYNBAETCA C YBENMYEHUS NPOAONBHOMO KOMMOHEHTa TENNoNpoBoAHOCTU. HaiigeH opurvHanbHbI MeToa
COMPSPKEHUS] C UCTIONb30BaHWEM HEMPEepbIBHBIX TEMMOBLIX MOTOKOB U TEMMNEPATYP Ha rPaHULE COMPSKEHUS.
Mony4yeHbl U NpoaHanM3npoBaHbl YUCTIEHHbIE pe3ysibTaTbl MO TENSOBbIM NOTOKaM M TemnepaTypaM Ha rpaHuLe
COMPSHKEHUSI.

KnioueBble cnoBa: meH30p Menaonpo8oOHOCMU,  COMPSXKEHHbIU  mernaoobmeH,  pacrnpedeneHusi
memnepamyp, pacrnpedesieHUe mernosbix MOMOK08, 2/laéHble KOMIOHEHMbI MeH30pa mernionpo8ooOHOCMU.

1. INTRODUCTION differential equations; the type of these equations
is different; the viscous gas dynamics equations

When solving the problems of the aero are most often stationary, and the equations of
and gas-dynamic heating of high-speed aircrafts thermal  conductivity ~ are  non-stationary

the following partial problems shall be solved: (Skvortsov et al., 2000; Dmitriev et al., 2011;
Amirgaliyev et al., 2017). In addition, if the

, , : streamlined bodies are anisotropic, then the
high-temperature viscous gas-dynamic flows {0 gigficulties associated with anisotropy are added,
the external surfaces of aircrafts; namely: tensor nature of thermal conductivity as

- determination of non-stationary a result of which the thermal conductivity
temperature fields in the structural elements of equations contain the mixed derivatives; setting
aircrafts under the impact of heat flows from the and solving only the multidimensional non-
gas; stationary problems; the boundary conditions of
the second kind contain all the components of the

- docking (conjugation) at the "gas — body" temperature gradient (Kazanin et al., 2019;
boundary of heat flows and temperatures from Korshunov et al., 2016)

gas with heat flows and temperatures in the body.

- determination of heat flows from the

o With respect to the anisotropic theory of
Traditionally, the heat flows from gas {0y, o1 conductivity, including in the composite

the body, and then the problems of the theory of . 4orials it is possible to distinguish the works
thermal conductivity in a body with boundary (Formalev, 2001; Formalev and Kolesnik, 2007
conditions in the form of these heat flows were £ .o "ot 21 " 2009: Formalev and Kolesnik.
formed and solved separately which led to the 5043. Formalev et al. 2016a: Formalev ef al..
errors in temperatures of up to 50%. The joint 54161 Formalev et al, 2017a; Formalev et al.,

59'9“0".‘ of thgse tW.O problems. faces the 2017b; Formalev et al., 2018a). With respect to
difficulties associated with the following features: the coupled problems of the boundary layer and

:)hed physics zf hea_xt’; t:jansbfer itr;] the gas and inrtthei thermal conductivity, including the anisotropic
ody are described Dby the varous partial  ,ne one can cite works (Formalev et al., 2015a;
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Kolesnik et al., 2015; Formalev et al., 2015b;
Formalev and Kolesnik, 2016; Prokofiev et al.,
2016;Formalev et al., 2016c; Okonechnikov et al.,
2016; Formalev and Kolesnik, 2018; Formalev
and Kolesnik, 2017b; Lurie et al., 2017;
Babaytsev et al., 2017; Gidaspov and Severina,
2017 Formalev and Kolesnik, 2017a; Formalev et
al., 2018c; Bulychev et al., 2018a; Rabinskiy et
al., 2018; Bulychev et al., 2018b; Bulychev et al.,
2018c; Bulychev et al., 2018d; Gidaspov et al.,
2018; Formalev et al., 2018b;). This paper states
and solves for the first time in the approximate
analytical manner the problem of conjugate (joint)
heat transfer between the boundary layer and the
thermal conductivity in the anisotropic strip.

2. MATERIALS AND METHODS

When formulating the complex problem of
the conjugate heat transfer between the
boundary layer and the anisotropic strip, the
following assumptions are made:

- in the equations of conservation of
momentum and energy for the boundary layer the
inertial forces are small compared to the forces of
friction and pressure;

- heat transfer in the boundary layer is
quasi-stationary, i.e., stationary at each time
point;

- heat transfer in the body is non-
stationary;

- the velocity vector of the incoming flow is
perpendicular to the axis Ox (Figure 1).

In accordance with these assumptions,
the system of equations for the problem of
conjugate heat transfer will be as follows as in
Equations 1 —17.

To solve the general problem (Equation 1
— Equation 17), it is possible to use the analytical
solution of the problem of anisotropic thermal
conductivity (Equation 8 — Equation 17) for which
a constant value of the heat flow density
%T D= 1x)=qu. xe(-1.+1) in the conjugation
Y y=0
condition (Equation 9) is set at the beginning.
Such a solution was for the first time obtained by
the authors through the consistent application of
the Fourier transform with respect to variable x
and the Laplace transform with respect to a
variable ¢. It has the following form Equations 18

— 24, herewith (Equations 25, 26), here §(r —0)-
is the Dirac delta function.

A

3. RESULTS AND DISCUSSION:

To determine ¢,, in Equation 18 let us
integrate by variable y the momentum

conservation Equation 1 using the boundary
conditions (Equation 4) and (Equation 6), we
obtain (Equation 27) using which in the energy
Equation 2 we will find the temperature
distribution Equations 28 — 31 differentiating
which by y at border y =0 we will get Equation

32.

Equation 32 cannot be substituted into
Equation 18 since in Equation 18 g¢,, is

constantly on an interval xe(-/+I), and the

values ¢, calculated by Equation 32 change

significantly along with the variable x. Therefore,
to reconcile (32) with Equation 18, the following
procedure is used (Figure 2).

The interval x € (0,/) by points x;,i=1,n
is divided into =n elementary  areas
Ax; = x;,1 —x; where the value of the heat flow
density is assumed to be constant and equal to
dw, = (‘.Iw(xi+l)+QW(xi ))/25 1= la_n Similarly,
taking into account the symmetry g¢,, with
respect to point x =0, the interval xe(—l, O) is

divided (Figure 2a). As a result, the elementary
heat flow density g,, at the intervals
(—xl-H,—xi) and (x,-,xiﬂ) is equal to the
difference between the densities of the heat flows
acting at the intervals (—xM,xM) and (—x,.’x,.)
(Figure 2b), ie.
i = Gilis1 —[0)-gin(x; —|d), and  the
entire heat flow Equation 19 from the boundary
layer to the boundary w is equal to the sum
(Equation 33). This approach allows to obtain an
Equation 18 and wuse the principle of
superposition for each term of Equation 33. Then
the temperature of interface boundary w can be
found from the solution of the system of
transcendental equations obtained by the
superposition of solutions (18) for each combined
Equation 33 (Equation 34).

The system of nonlinear Equations 34
with respect to Tw(xo), Tw(xl),...,Tw(xn_l) is
solved using the Newton method. Using
Tw(xj), Jj=0,n—1 it is possible to determine the

density of heat flows Equation 33 substituting,
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which in Equation 18, we will obtain the
temperature distribution in the plate.
Figures 3, 4 shows the results for

calculations of the conjugate heat transfer based
on the analytical Equation 18 and Equation 33.

Figure 3 shows the temperature Tw(x) of the
boundary w, both for the isotropic case (curve 1)
and for the orthotropic case (curves 2, 3), and
Figure 4 shows the values of the heat flow
density at the boundary w depending on the
longitudinal coordinate x and the degree of

anisotropy (/15 //1,7 )

The original data adopted the following
values:

ue(x):2000x, m/s; Te(x):2210—200x, K;
[ =0.09m; [, =0.005; [, =0,01m;
A, =0.02kW /' m-K; Ag /2, =1,10,100,

cp=2500 kJK, 9=0,q,=0.

m3
Since the orthotropic strip is considered,

the off-diagonal components of the thermal
conductivity tensor in relations (Equation 15) are

equal to zero 4, =4, =0, , and the orientation
angle ¢ of the main axes O¢&, On, of the
thermal conductivity tensor is equal to zero;
herewith, the diagonal components 4, >0 and
A,, >0 are different. From relations (Equation
15) it can be seen that when ¢=0 A4, =41,

A, =4,, thatis, the diagonal components of the
thermal conductivity tensor are equal to the
principal values of the thermal conductivity tensor
4; and 4, . In this case (in case of orthotropy),
the symmetry is observed in the distribution of
temperatures and heat fluxes relative to the
vertical axis x=0,, that is, in Figures 3 and 4

orl _, and a, _o- Next, from Figure 3, it can
ox |- ox |, o
be seen that the higher the longitudinal

component of the thermal conductivity tensor 4.,

is, the higher the temperature at the periphery of
the strip will be. Thus, at /15 //1,7 =1

(4, :0,02kW/m-K) the minimum temperature
at x=0,09m is equal to zero, for 4./ 4, =10
T max =550K,, A/ A, =100
Tmax =1150K.

This situation with the temperature of the

and at

external boundary of the strip creates the
opposite picture for the heat flows ¢, , presented

in Figure 4 for the same cases /’t§ =1,10,100.1t is

clear that with an increase in temperature, the
heat flows to this boundary significantly decrease
due to the temperature difference between the
gas and the body, as well as due to the increase
in dynamic viscosity which reduces the Reynolds
numbers and, consequently, the thermal ones,
and also decreases the gas density which also
reduces the heat flows.

Thus, with an increase in the temperature
of the external surface, all the factors affecting
the magnitude of the heat flow act in the direction
of decreasing the latter. Thus, from Figure 4,

when 4. /4, >1 the heat flows on the periphery
of the strip adopt the negative values, that is, the
strip does not heat up, but cools. This fact can be

used as the thermal protection only by using a
strip material with a degree of orthotropy of at

least 10, i.e. /15 //1,7 >10.

Designations: I—- total enthalpy,

T
1 =jcpdT+u2/2; Pr is Prandtl number, p, _ #» ;
0

p,u,T,p— respectively, is the density, the
longitudinal component of velocity vector,
temperature, pressure; A,c,u— is the thermal
conductivity, heat capacity, dynamic viscosity of
axis Ox,Oy — of the Cartesian coordinate system
for the boundary layer; Ox,QOy, are the axes of
the Cartesian coordinate system for the body; ¢ —
is the time; O&,0n— are the principal axes of
the thermal conductivity tensor; /,/; — is the the

length of the regions affected by the non-zero
heat flows, respectively, on the boundaries w

and [;is  the plate thickness;
Aiis Aas Ay1» Ayp — are the components of the

thermal conductivity tensor; /15,/1,7—

components of the thermal conductivity tensor,
reduced to the main axes; ¢@— is the angle

between the main axis O and the axis Ox; g —

Wi,

are the

is the heat flow density; 6, — is the boundary
layer thickness; n— is the single function.
Indices: e—the external boundary of the
boundary layer; w— is the gas-body interface;
wl— is the internal boundary of the plate;
w2,w3 — are the side boundaries of the plate;
t — is the body.
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4. CONCLUSIONS:

The article established and solved the
problem of conjugate heat transfer between the
thermal gas-dynamic boundary layer and the
orthotropic strip; herewith, the components of the
thermal conductivity tensor in the orthotropic case
are equal to the main thermal conductivity
coefficients. The boundary layer equations are
solved analytically with some simplifications, and
the anisotropic thermal conductivity problem is
solved analytically. The entire adjoint problem is
reduced to the integral equation (Volterra
equation of the first kind). The results obtained for
the temperature of the external boundary and the
heat flows to it from the gas demonstrate that
with  increasing degree of longitudinal
anisotoropia, the temperature of the strip surface
downstream increases with increase in the
longitudinal component of thermal conductivity.
As a result, the heat flows to the surface of the
strip from the boundary layer sharply decrease
and even become negative, that is, the strip cools
off. This phenomenon is a consequence of the
decrease in the temperature gradient from the
gas to the body, increase in the dynamic viscosity
of the gas, and decrease in the density of the gas
with an increase in the surface temperature.

There is a practical possibility of
developing the thermal protection without the
additional costs and structures, only using the
thermal protection in contact with the high-
temperature boundary layer, with a degree of
longitudinal anisotropy of the order of 10.
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_a—p+i(y(T)a—u]:O, 0<y<d,(x), 0<x<I;
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Figure 2. Splitting the interface boundary into the areas with constant values of the heat flows
density: (a) partitioning method; (b) overlay method
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Figure 3. Comparison of the temperature distribution at the interface boundary for the isotropic and
orthotropic cases (/1,7 =0,02kW /m-K ) :

1-A | 4, =1; 2= 10; 3- 100.
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Figure 4. Comparison of the distribution of the density of heat flows from the boundary layer at the
interface boundary for the isotropic and orthotropic cases (lﬂ =0,02kW | mK ) :

1-2: /2, =1;2-10; 3-100.
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